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A NONTERMINATING 8<A7 SUMMATION FOR THE ROOT 

SYSTEM Cr 

MICHAEL SCHLOSSER 


Abstract. Using multiple g-integrals and a determinant evaluation, we es¬ 
tablish a nonterminating 807 summation for the root system Cr. We also give 
some important specializations explicitly. 


1. Introduction 

Bailey’s ^ Eq. (3.3)] nonterminating very-well-poised summation, 


307 


a, q^/a,-qy/a,b,c,d,e,f 
/a, — Va, o,q/b, aq/c, aq/d,aq/e,aq/ 


_(gg, c, d, e, /, b/a, bq/c, bq/d, bqj e, bg//; q)^ _ 

(a/5, gg/c, gg/c?, ag/e, ag//, 5c/a, 5d/a, 5e/a, 5//a, b'^q/a] g)c 


X 807 


5^/a, g5/-^/g, —qb/\/a, b, be/a, bd/a, be/a, bf /a ^ 
5/Vo, -b/\fa, bq/a, bq/ c, bq/d, bq/e, bq/ f 


;g,g 


(gg, 5/a, aq/cd, aq/ce, aq/cf, aq/de, aq/df, aq/ef; g)oo 
{aq/c, aq/d, aq/e, aq/ f, be/a, bd/a, be/a, bf /a; q)oo ’ 


( 1 . 1 ) 


where a^g = bedef (cf. [|[ Eq. (2.11.7)]), is one of the deepest results in the clas¬ 
sical theory of basic hypergeometric series. It contains many important identities 
as special cases (such as the nonterminating 302 summation, the terminating §07 
summation, an d a ll their specializations including the g-binomial theorem). One 
way to derive dO) is to start with a particular rational function identity, namely 
Bailey’s very-well-poised io09 transformation, and apply a nontrivial limit pro¬ 
cedure, see the exposition in Gasper and Rahman |^, Secs. 2.10 and 2.11]. 

Basic hypergeometric series (and, more generally, g-series) have various ap¬ 
plications in combinatorics, number theory, representation theory, statistics, and 
physics, see Andrews 0, §■ For a general account of the importance of basic 
hypergeometric series in the theory of special functions see Andrews, Askey, and 
Roy 0. 

There are different types of multivariable series. The one we are concerned with 
are so-called multiple basic hypergeometric series associated to root systems (or, 
equivalently, to Lie algebras). This is mainly just a classification of certain multiple 
series according to the type of specific factors (such as a Vandermonde determinant) 
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appearing in the summand. We omit giving a precise definition here, but instead 
refer to papers of Bhatnagar 0 or Milne Sec. 5]. 

The significance of the nonterminating §<^7 summation (1.1) lies in the fact that it 
can be used for deriving other nonterminating transformation formulae, see Gasper 
and Rahman ||, Secs. 2.12 and 3.8], and Schlosser |^. Thus, it is apparently 
desirable to find (various) multivariable generalizations of Bailey’s nonterminating 
%(|)^ summation. 

In this paper, we give a multivariable nonterminating §^7 summation for the root 
system Cr (or, equivalently, the symplectic group Sp{r)), see Corollary 5.1. We de¬ 
duce this result from an equivalent multiple g-integral evaluation. Theorem 4.1. In 
our proof of the latter we utilize a simple determinant method, essentially the same 
which was introduced by Gustafson and Krattenthaler and which we further 
exploited in |j^ to derive a number of identities for multiple basic hypergeomet¬ 
ric series. The difference here is that now we apply the method to integrals and 
q-integrals whereas in we had only applied it to sums. Our new Cr nontermi¬ 
nating 8(()7 summation is not the first multivariable nonterminating 8<(>7 sum that 
has been found. In fact, Degenhardt and Milne § already derived such a result for 
the root system An (or, equivalently, the unita ry group U{n)), a result we consider 
to be deeper than ours. While Corollary 5.1 is derived by elementary means, by 
combining known one-variable results with the argument of interchanging the order 
of summations, or of summation and (g-)integration (this is what the determinant 
method in this article really does), Degenhardt and Milne deduce their multivari¬ 
able summation formula by extending Gasper and Rahman’s Sec. 2.10] analysis 
to higher dimensions which appears to be fairly nontrivial. However, supported 
by the combinatorial applications (in Krattenthaler |l^, and Gessel and Kratten¬ 
thaler (^) of identities of type strikingly similar to the one being investigated in 
this paper, we believe that the identities derived here will have future applications 
and deserve being written out in detail. 

Our paper is organized as follows: In Section H, we review some basics in the 
theory of basic hypergeometric series. Further, we also note a determinant lemma 
which we need as an ingredient in proving our results in Sections and We 
demonstrate the method of proof in Section p| by deriving a simple multidimen¬ 
sional beta integral evaluation. In Section T we derive an (attractive) multiple 
g-integral evauation. Theorem 4.1, which in Section ^is used to explici tly w rite out 
a nonterminating ^(j)^ summation for the root system Cr, see Corollary |5J. Finally, 
in Section ^ we explicitly lis t se veral interesting specializations of Theorem |4.l| (and 
of the equivalent Corollary 0). 


2. Basic hypergeometric series and a determinant lemma 

Here we recall some standard notation for g-series, and basic hypergeometric 
series (cf. [||). 

Let (7 be a complex number such that 0 < Jg] < 1. We define the q-shifted 
factorial for all integers k by 

(a;9)oo := J|(l - ag^) and (a; g)fc := ■ 

For brevity, we employ the condensed notation 

(o-l, . . . , dm] Q)k — {di] ■ ■ ■ {dm] Q)k 
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where k is an integer or infinity. Further, we utilize 


s<^s—1 


Oi, 02, . . . , Os 


oo 


-E 


(oi, 02, ■ ■ ■ , ®sj Q)k 
{q,bi,...,bs-i;q)k 


( 2 . 1 ) 


to denote the basic hypergeometric s'Ps-i series. In dE). oi,..., Os are called the 
upper parameters, bi,... ,bs-i t he l ower parameters, z is the argument, and q the 
base of the series. The series in ( ^.l[ ) terminates if one of the upper parameters, say 
Os, equals where n is a nonnegeative integer. If the series does not terminate, 
we need l^j < 1 for convergence. 

The classical theory of basic hypergeometric series contains numerous summation 
and transformation formulae involving afps-i series. Many of these summation 
theorems require that the parameters satisfy the condition of being either balanced 
and/or very-well-poised. An s</>s-i basic hypergeometric series is called balanced if 
bi ■ ■ ■ bg-i = oi • • • Usq and z = q. An s</s-i series is well-poised if aiq = 02^1 = 
• • • = Osbs-i and very-well-poised if it is well-poised and if 02 = —03 = q^/oi. Note 
that the factor 

1 - aiq^^ 

1 — Oi 

appears in a very-well-poised series. The parameter oi is usually referred to as the 
special parameter of such a series. 

One of the most important summation theorems in the theory of basic hypergeo¬ 
metric series is Jackson’s terminating very-well-poised balanced summation 

(cf. |, Eq. (2.6.2)]): 


i4>7 


a, qy/a,—qy/a,b,c,d,a^q^'^'^/bcd,q " 
y/a, aq/b, aq/c, aq/d, bcdq~'^/a, aq^~^^ ’ ^ 

{aq, aq/bc, aq/bd, aq/cd; q)r. 


■■ (2.2) 


(aq/b, aq/c, aq/d, aq/bcd] q), 

Clearly, (2.2) is the special case / ^ g”” of (|l.lD. 

For studying nonterminating basic hypergeometric series it is often convenient 
to utilize Jackson’s g-integral notation, defined by 


where 


f fit)dqt= [ f{t)dqt-[ f{t)dqt, 

J a Jo Jo 

pa 

/ f{t) dqt = a{l-q)'^f{aq’^)q'^. 

Jo 


(2.3) 

(2.4) 


If / is continuous on [0, o], then it is easily seen that 


f(t) dqt = [ fit) dt, 

Jo 

see H Eq. (I.II.6)]. 

Using the above g-integral notation, the nonterminating summation ( 0 ) 
can be conveniently expressed as 



(qt/a, qt/b, t/y/a,-t/yfd, qt/c, qt/d, qt/e, qt/f-, g)oo 


dqt 


(t, bt/a, qt/y/a, —qt/yfa, ct/a, dt/a, et/a, ft/a] q)oo 
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6(1 - q){q, a/b, bq/a,aq/cd,aq/ce,aq/cf, aq/de,aq/df, aq/ef;q)c 
(6, c, d, e, f, be/a, bd/a, he/ a, 6//a; g)oo 


^ (2.5) 


where a^q = bedef (cf. Eq. (2.11.8)]). 

A standard reference for basic hypergeometric series is Gasper and Rahman’s 
text 1^. In our computations in the subsequent sections we frequently use some 
elementary identities of g-shifted factorials, listed in ||, Appendix 1]. 

The following determinant evaluation was given as Lemma A.l in 0 where it 
was derived from a determinant lemma of Krattenthaler |p^ , Lemma 34]. 

Lemma 2.1. Let Xi,... ,Xr, A, B, and C be indeterminate. Then there holds 

The above determinant evaluation was generalized to the elliptic case (more pre¬ 
cisely, to an evaluation involving Jacobi theta functions) by Warnaar Cor. 5.4]. 


3. A MULTIDIMENSIONAL BETA INTEGRAL EVALUATION 

Here, we present a simple multivariable extension of Euler’s beta inetgral evalu¬ 
ation. The proof serves as an illustration of the determinant method which we use 


in Section ^ to derive a multivariable extension of (2.5). 
Proposition 3.1. Let a, b, and xi,... ,Xr be indeterminate. Then 

/.I 




a — l-\-Xi 


(1 — Ui)° ^ dUr . . . dui 


l<2<_J<r 


= TT ix X iTT + + 1 ) 

11 (®* ^3)iiY{a + b + x,+r-l) 

i—l 


, (3.1) 


provided 3?(a -I- Xi), 5i(6) > 0, for i = 1,... ,r. 


Remark 3.2. We note the differences between Proposition 1.1 and Selberg’s [ pjl| 
integral, 


f'-f 


n 


^(1 — Mi)^ ^dUr...dui 


l<2<j<r 


n 

i=l 


r(a -I- (* — i)c) r(6 + {i — l)c) r(ic -I-1) 
r(a-h6-h(r-fi-2)c)r(c-hl) 


, (3.2) 


where 3?(a),3?(6) > 0, and 3?(c) > max(—1/r, —3fi(a)/(r — 1), —3fi(6)/(r — 1)). In 
( ^t| ) we have additional parameters xi,...,Xr, while in (3.2) the absolute value 
of the discriminant ni<i<:;<T.('*^* ~ integrand is taken to an arbritrary 

power 2c, which makes the computation considerably more difficult. 










A NONTERMINATING 807 SUMMATION FOR Cr 


5 


Proof of Proposition \3.\ First, we note that if in Lemma 2.1 we let C ^ 0, replace 
A, B, and Xi by , and for i = 1,..., r, respectively, and then let g ^ 1, 

we have 


det ( , 

\((l 0 XiJr—j 


= n 


(6).- 


{a + b + Xi)r-i ’ 


where 


is the shifted factorial. Thus, 


(a)fe := 


r(a + k) 
r(a) 


(3.3) 


(3.4) 


’0 Jo 


= det 


— ^dUr-.-dui 


= det 

l<ij<r \Jq 




(1 - Uif’ ^ dui 


r(a + a:i + r-j)r(5) \ _ / r(a + t^) r(b) (a + Xj)^- 


i<ij<T- y r(a P h + Xi + r — j) J i<i,j<r y r(o + 6 + Xi) {a + b + Xi)r-j 
_ TT r(a + cci) r(6) / {a + Xi)r-j 

r(a + 6 + a;i) i<i,j<r \{a + b + Xi)r-j 
^ A r(o + a;j)r(b) -pr 

11 r{a + b + x.) , ^Jni (a + t + x.)r-i 

1 — 1 % — l 


= n 




r(a + Xi) T{b + i — 1) 
r(a + b + Xi + r — 1) ' 


where we have used linearity of the determinant with respect to rows, the Vander¬ 
monde determinant evaluation deti<ij<r.(M[~'’) = Y[i<i<j<r('‘^i ~ ^i)i Euler’s beta 
integral evaluation u‘^~^{1 — u)^~^dt = for 3t(a),!ft(b) > 0, the definition 

of the shifted factorial ([3.4|), and the determinant evaluation ( |3.3| ). □ 

4. A multiple g-INTEGRAL EVALUATION 

By iteration, the extension of (2.4) to multiple g-integrals is straightforward: 

pa\ par 

I ' I /(^l5 ■ ■ • 7 ^r) dqtr ■ ■ . dqti 

Jo Jo 

oo 

= Oi .. .0^(1 - g)*" f{aiq'"\...,arq''^)q^^+'"^''^. (4.1) 

Similarly, the extension of ( |2.3D is 

pbi pbr 

I ■ ■ ■ / dqtr • ■ ■ dqt\ 


• ai J 


= E !!(-“■) n 


SC{l,2,....r} \ieS 


\i^S 
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X ^ /(cl(5)g'=^...,c.(5)<7'=-)g'=^+■■■+'=^ (4.2) 

k\ ,...,fcr — 0 

where the outer sum runs over all 2'' subsets S' of {1, 2,, r}, and where Ci{S) = at 
ii i G S and Ci{S) = bi if i ^ S, ior i = 1,..., r. 

We give our main result, a Cr extension of (^): 

Theorem 4.1. Let = bcdef. Then there holds 



faxr l<i<:j<r 




n 


[qti/axi, qtjb, qti/ c, qtjd, qti/e, qtixjf; q)^ 


{tiXi,bU/a,cUla,dti/a,eti/a,fti/aXi]q)oa 

= 0 ( 2 ) 5 ’'(1 - g)"' {xi - Xj){l - aXiXj/f) 

l<2<j<r 

{q, axi/b, bq/axi, aq^~'^/cd, aq^~'‘ jce\ q)^ 


dnt'p ■ • • 


n 


{bxi,cxi,dxt,exi,f-,q)^ 

-A {axjqlcf, aq'^~yde, ax^q/df, axjq/ e/; g)oo 

ibcq*~^/a,bdq^-'^/a,beq*-^/a,bf/aXi;q)oc ' 


(4.3) 


Proof. We have 


n <*. 

l<2<j<r 


tj){l-Utj/a) = Y[ 
2=1 


(q^ '^U/d.aq^ '^/dti\q)r-i r-i 

(ag2-7cd,cg2+-27d;5),_i * 


X c 


-(2)o-(3) det ( _ 

i<i,j<r \ {cp---^ti/d, aq‘^-‘^/dti-q)r 


due to the Xi ^ U, c/a, B ^ q^~ 
using some elementary identities from 
side of (O) as 


'/d, and C ^ a case of Lemma 2.1. Hence, 


1 Appendix I], we may write the left hand 


(1) q-{l) n(ag2-7cd, cq^+^-^yd' q)-\ 

i—1 

^ ( f'’ (1 - tf/a){tiq/axi, Uq/b\ q)^ 

\yJaxi {tiXi,btj^la, qfoQ 

^ {tiq^~'"^yc, Uq^-yd, Uq/e, Ux^q/f; q)oo ^ ^ 
{ctiq^-ya,dtiq^-^/a,eti/a, fti/axi-,q)oo ^ 

Now, to the integral inside the determinant we apply the g-integral evaluation 
( ^.5| ), with the substitution t 1 -^ Uxt, and the replacements a 1 -^ b 1 —> bxi, 
c cq'^~^Xi, d 1 -^ dq^~^Xi, and e 1 -^ exi. Thus we obtain 



g-(3) lliaq^-ycd, cq^+^-^yd' q)-_\ 
2=1 
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^ / b{l- q){q,axi/b,bq/axi,aq^ ’'tcd,aq^ ^^^lce]q)^ 

i<i,j<r ^ {bxi^cx^q^-^,dxiq^-^,eXi, f;q)oo 

^ {axiq^~‘^^^ / cf, aq^~^/de, axiq‘^~^/df, axiq/ e/; q)oo \ 

{bcq^-ifa, bdqi-^/a, beja, bf /axi, q)^ j' 

Now, by using linearity of the determinant with respect to rows and columns, we 
take some factors out of the determinant and obtain 




(g, axi/b, bq/axi\q) 

C 


n 

Z=1 


(aq^ '^lcd,cq^+'" '^^ld]q)i-i 

jcd, a< 7 ^“’'+Yce, axiqfcf, aq^~'^fde, axiq^~'^/df, axiq/ef; q)c 
(bxi, cXi, dxiq'^-^,exi, /, bcq^-'^/a, bdq^-^/a, be/a, bf/aXi;q)oo 


cdf J 


VY-»(;) 


{cXi,cf/aXi-,q)r-j 


i<7jXr I ^/df,q‘^ ^/dx^-,q)r-j ) 


The determinant can be evaluated by means of Lemma with Xi Xi, A c, 
B 1 -^ aq^~''/df , and C ^ f /a] specifically 


/ {cxi,cf /axi-,q)r-j 

i<i,j<r I {aXiq^~'^/df, q"^-^/dxi; q)r-j 


{aq^ ^/cdf,cq 


2-\-r — 2i 


/d;q) 


i-1 


= c(2)g(3) {Xj f/aXiXj)Y[' 2-tIM 2-rU ^ 

*=i ldf,q^ ^/dx^;q)r-i 

Substituting our calculations and performing further elementary manipulations we 
arrive at the right hand side of (|4.3|). □ 


5. A MULTIVARIABLE NONTERMINATING s ( t >7 SUMMATION 


Note that if the integrand f{ti,... ,tr) of the multiple in tegr al in (O) were 
an antisymmetric function in ti,... ,tr, the multiple sum in (4^) would simplify 
considerably. In fact, if ti = bq^' and tj = bq^^, for a pair i < j, we would then 
have 

OO 

ki,kj—0 

(A double sum of any function antisymmetric in its two summation indices van¬ 
ishes.) Thus, the multiple g-integral /{ti,... ,tr) dqtr ... dqti, being a 

sum of 2’’ sums according to (4.2), would reduce to a sum of r -|- 1 nonzero sums. 
In particular, we would have 


pb nb 

I ' ' ‘ ^ • 5 ) dqtr ■ ■ ■ dqti 

J axi J axr - 


= (-lya^Xi . . .Xr{l - qY y] /{axiq'^Y... ,aXrq^Yq^"'=^'^<- 

ki,...,kr-—0 

r 

+ . . . Xr{l — qY ^ 

1^1 
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A/ X 1 • • • ^ —0 

A very similar situation occurs in the U{n) (or A^.) nonterminating g^y summa¬ 
tion by Degenhardt and Milne [|| (however, their argument is reversed, i.e., they 
first derive a nonterminating summation and then deduce the multiple q-integral 
evaluation). Unfortunately, in our case the multiple integrand in ( |4.3| ) is not an- 
t isym metric in ti,... ,U, whence we have all 2’" sums on the right hand side of 
( 0 )- 


We write out ( |4.2|) explicitly for our integral in (tl.3|): 


laxi Jaxr i=l 

{qti/aXi, qU/b, qU/ c, qU/d, qU/e, qUx^/f; q)c 


n 

2=1 


{tiXi.bUfa, cU/a, dU/a, etija, fUjaxi] q)c 


dni^n ■ • • dpi'^ 


^ (_l)|5lal^l6’'-l^l(l - qYai'fhrn 


ieS 


X n ix^q^'- Xjq’'^){l- 

ki,...,kr —0 l<i<j<r 


aXiXjq^'^’^Y ~ 

ieS 


i,jes 

l<i<j<r i^S 

idts 

iesj^s 

(g^+'^S aa:^g^+'^V6, oa;ig^+'^Vc, aXjq^^'^Y^^ aa;|g^+^V/; g)c 

{ax^q^' , bxiq'^' , cxiq^- , dxiq^' , ex^q'‘' , fq^' ; g)oo 


xn 

ies 

(6gi+^7ax^, gi+fe-, fegi+^Vc, fegi+^yd, ^g^+^Ve, fex^g^+^V/; g)oo ^ 




{bxiq ^', ja, bcq^' / a, bdq^' /a, 6eg^* /a, 6/g^* /aXi; g)c 


where [S'! denotes the number of elements of S', and y is the truth function (which 
evaluates to one if the argument is true and evaluates to zero otherwise). Now, if 
we set the obtained sum of 2'' sums equal to the right hand side of ( |4.3| ) and divide 
both sides by 

(—l)'’a( 2 )xi... Xr.(l — qY n {xi — Xy)(l — aXiXj) 

l<2<j<r 

(g, axiq/b, axiqjc, aXiqj d, axiqje, ax^q/f; g)oo 


n 

2=1 


{axfq, bxi,cxi,dxi, exi,f; g)c 


and simplify, we obtain the following result which reduces to 0 ) when r = 1. 

Corollary 5.1 (A Cr nonterminating g^y summation). Let a?'q^~^ = bcdef. Then 
there holds 
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E 

SC{l,2,...,r} 




n 


{ax'^q,cxi,dxi,exi, f;q)c 


its 


{axi/b, axiqjc, axiq/d, axiqje, axfq/ f;q)c 


n 

its 


{blaxi,bqjc, bq/d, bq/e, bxjq/f] g)o 
{b'^q/a, be/a, bd/a^ be/a, bf /axi] q)c 


Y -pr {x,q^' - TT ~ 

{xi — Xj){l — aXiXj) 


i.jes 


iGS 


(l-ax^) 


-pr (gfci - gfc.)(l - b'^q^i+kj/g) -pr (1 - bq^'^^ / a) 
(xi — Xj)(l — axiXj) (1 — b'^/a) 

l<i<j<r V ‘ Ji j^s V / ! 

iJtS 

{Xiq^' - bq^i/a){l - bxiXjq’^'+^^) 

{xi — Xj){l — axiXj) 

_ {axj,bxi, exj, dxi,exi, f;q)ki _ 

(g, aXiq/b, ax^q/c, axiq/d, ax^q/ e, axfq/f; q)k^ 


X n 

i&SJtS 


n 

iGS 


-pr {b'^/a,bxi,bc/a,bd/a,be/a,bf/axi]q)ki Y.l=iki 

f^g id, bq/axi, bq/c, bq/d, bq/e, bxtq/f] q)ki 

-r-r (1 - ax^Xj/f) -A jax'/q, b/axj, aq^~'^/cd, aq^~^/ce] q)oo 

(1 - aXiXj) \}-{aXiq/c,aXiq/d,aXiq/e,axfq/f]q)oo 

{axiq/cf, aq^~y de, df, aXiq/ef; q)oo 


n 


{beq^ ^/a,bdq^ ^/a,beq^ ^/a,bf/aXi;q)oo' 


(5.2) 


6. Specializations 


It is clear that in Corollary 5.1, if we replace e by a^q^ '~/bcdf and then let 
/ —> q~^, we obtain a Cr extension of Jackson’s s4>7 summation (2.2). This result, 


N 

E 

ki,...,kr—0 


-pr jxjq'^' - Xjq^^){l - aXjXjq'^'^^^) A (^ ~ axjq^’^') 
{xi — Xj){l — axiXj) 


2=1 


(1 - axl) 


{ax1,bxi,cxi,dxi,a^xiq^ '~~''^/bcd,q ^]q)ki 
{q, axiq/b, axtq/c, ax^q/d, bcdxiq^-'^-^/a, axjq^+’^q)ki 


n 




= n 

l<z<j<r 


— aXiXjq^){ax^q,aq^ ^/bc,aq^ ^/bd,aq^ ''/cd;q)M 
{1 — aXiXj) {aq'^~'^/bcdxi,axiq/d,axiq/c,axiq/b;q)is[’ 


( 6 . 1 ) 


was given as Theorem 4.3 in [p^ . An extension of & to elliptic hypergeometric 
series was found by Warnaar |M, Theorem 5.1]. 

Next, if in (O), we first replace e by a^g^“’’/6cd/, then b by aq/b, do the 
substitution ti i—> ati, divide both sides by o'- ^ let a —*■ 0, and afterwards do 
the simultaneous substitutions Xi Xi^/a-, b q^/a/b, c cq^~'"/bdf \/a, d 

/r+l\ 

d\/a, f 1-^ fa, then multiply both sides by ^/a^ , and perform the substitution 

ti >—*■ ti/y/a, we obtain the following multiple (/-integral evaluation which is an 
r-dimensional extension of Eq. (2.10.18) in 
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Theorem 6.1. Let c = abdefq^ Then there holds 
/■^ TT u ^,^{qUlaXi,qti/h,cU]q)^ 

I ■ I li ('--O)!! d,U..^d,t, 

= a^^h^{l-qy (Xi-Xj) 

l< 2 <j<r 

^ A (g, axj/b, bq/axj, cq^~''/ d, cq^~ye, cxj f\q)^ 
{adxi,aexi, af, bdq^-^,beq^-^,bf /xi', q)oo 


( 6 . 2 ) 


Similarly, we can specialize Corollary 5.1 to a multivariable nonterminating q- 
Pfaff-Saalschiitz summation by first replacing b and e by aq/b and abq^~^/cdf, 
respectively, then letting a —> 0, and finally performing the simultaneous substi¬ 
tutions bi—^e,ci-^a,di—^b and f ^ c. We obtain the following multivariable 
extension of Eq. (11.24) in |^. 

Corollary 6.2 (An Ar nonterminating 3</)2 summation). Let ef = abcq'^. Then 
there holds 


E (!) 




SC{l,2....,r} 


n 

i^S 


{axi,bx^,c,q/exi, fq/e]q)oo 
{aq/e, bqj e, cqjexi, exi/q, fxi] q)c 


^ TT jx.q^'- x.q'^y (g^--g^0 TT 

J-A (nr - — in -\ J. J. (^ - — nr -\ J-A 


(ea;ig^+'=- - 


(Xi — Xj) (xi — Xj) (Xi — Xj) 

ki,...,kr—0 l<i<j<r ^ ' i£S,j^S ^ 


i,3^S 




,, TT iax^,bx^,c■,q)k, TT {aqle,bqle,cqlex^-,q)k, ^ 
{d^exi,fxf,q)ki (g,g2/exi,/g/e;g)fe, 

^ A (g/exj, fq^~ya, fq^~yb, fxj/c', q)^ 
M iaqye,bqye,cq/ex^,fx^■,q)^ 


It is again clear that Corollary 6.2 above can be specialized to an Ar terminating 
g-Pfaff-Saalschiitz summation. Namely, by first replacing / by abcq^/e and then 
letting c ^ q~^, we obtain 


N 


Y' TT {x^q^'- X^q^y ^ {aXi,bXi,cXi,q ^]q)ki ^ 

k,,^r=oiM<r fJ(<?,cx„ate.g’'-^/c;g)fe, 

^ A (cg^~Va,cg^~76;g)Af 
{cXi,cq^-'^/abxi-,q)N ’ 

which is Theorem 5.1 in [pT| . 

Finally, we specialize Theorem 6.1 further, for possible future reference. We first 
replace / by cq^~^/abde and then let c —*■ 0 and replace a, d, and e by —a, —cja, 
and d/b, respectively. The result is the following. 

Corollary 6.3. There holds 




l< 2 <j<r 


f-Jl {-ctila,dtilb-,q)^ 
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(6.5) 


Corollary |6.3| is a multivariable extension of a g-integral derived by Andrews and 
Askey [^. Replacing a, b, c, d, and Xi by c, d, q^, and for i = 1,... ,r, and 
letting g —> 1, we obtain 



d pd 


tj) J_ J_(l + ti/c) 




^l<i<j<r i—1 


l<i<j'<r 


TT (x X 1 n r(6 + z - 1) 

11 ^ r(a + 6 + r-a + Xi) 

i<')<r 1=1 


X (c + d)R“+f>-i)+( 2 )+i: (6.6) 


which follows from the multiple beta integral evaluation in Proposition |3.l| by the 
substitutions 




(6.7) 
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